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Abstract
We consider a six dimensional space-time, in which two of the dimensions are compactified by a
flux. Matter can be localized on a codimension one brane coupled to the bulk gauge field and
wrapped around an axis of symmetry of the internal space. By studying the linear perturbations
around this background, we show that the gravitational interaction between sources on the brane
is described by Einstein 4d gravity at large distances. Our model provides a consistent setup
for the study of gravity in the rugby (or football) compactification, without having to deal with
the complications of a delta–like, codimension two brane. To our knowledge, this is the first
complete study of gravity in a realistic brane model with two extra dimensions, in which the
mechanism of stabilization of the extra space is fully taken into account.
1 Introduction
Models with two extra dimensions have received large attention, both in the past and today. Among them,
there are the first examples of supersymmetric flux compactifications to four dimensional Minkowski space.
They are characterized by a magnetic monopole that spontaneously compactifies two of the dimensions on a
sphere [1], stabilizing the internal space. Models in this class have also been considered to build brane-world
scenarios [2]: two is the minimum number of flat extra dimensions to have a fundamental scale of order TeV,
and a compactification radius of (sub)millimeter range. Field theory models with two extra dimensions were
studied, starting with [3], due to their interesting properties that differentiate them from the codimension
one case [4]. Also, the behavior of gravity in brane models with two, warped or unwarped, extra dimensions
have been analyzed in specific cases [5], revealing interesting features in comparison with codimension one.
More recently, the models [1] in which two extra dimensions are compactified by fluxes, have been
reconsidered in a brane-world scenario, in order to address the cosmological constant problem [6]. In this
1E-mail: peloso@physics.umn.edu
2E-mail: sorbo@physics.umass.edu
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new approach, the original spherical compactification is modified by cutting a wedge to the sphere, and
identifying the two edges giving a geometry with the shape of a rugby-ball (or a football one, according
to the geographical location of the reader). This introduces a deficit angle on the sphere, with two conical
singularities at the poles of the compactification manifold. The two conical singularities can be interpreted as
codimension two branes, in which matter is supposed to be localized. Even without discussing the relevance
of this approach for the cosmological constant problem (see [6, 7] for a critical discussion) this scenario is
interesting by its own. It provides a natural setting to study brane-world models in which extra-dimensions
are compactified, and possibly stabilized, by fluxes.
In the present paper we study the large distance behavior of gravity in a brane-world scenario with
flux compactification. To do this, we study how linear perturbations of the brane energy-momentum tensor
affect the bulk geometry, and the background gauge field. The first problem one meets, on facing these
questions, is that energy momentum tensor different from pure tension cannot be accommodated on strict
codimension two singularities, in the context of Einstein gravity [8, 9]. A way out to the problem has been
proposed by [9, 10], through the addition of Gauss-Bonnet terms in the bulk; a solution where gravity is
less dramatically modified could be to promote the brane to a thick defect: this is the approach taken in
this paper. An apparent problem with this approach is the fact that it is model dependent, since there
are various inequivalent ways to regularize a conical singularity [11]. On the other hand, we believe, our
construction is the simplest and the most natural one, and has interesting features that render its analysis
worth of attention.
In our model, the strict codimension two defect is substituted by a codimension one brane, with one
spatial dimension compactified on a circle. The bulk space-time corresponds to a regularized version of the
rugby-ball compactification, in which the tip of the conical singularities are substituted by regular spherical
caps that smoothly end the space. The spherical caps are joined to the rugby ball region at the position
of the branes. The latter must satisfy proper junction conditions to compensate possible jumps on the
derivative of the metric and the gauge potentials. Precisely for this reason, the brane is coupled to the
bulk magnetic field, and, given our Ansatz for the metric, this coupling fixes its position in the bulk at
the background level. Consequently, the very same bulk magnetic field that compactifies and stabilizes the
extra dimensions, also stabilizes the brane position.
Due to the presence of the bulk gauge field, our model allows to study, in a simple setting, some of the
features of brane models in string theory, in which moduli are stabilized by fluxes. Using a thick defect,
we naturally avoid the pathologies of the strict codimension two case, and we are allowed to place our
preferred energy momentum tensor on the brane. An additional motivation for our scenario comes from
field theory models, in which thick codimension two branes in six dimensions have been considered [12]. In
that context, the thickness of the brane is used as cutoff for certain regularization group flows. In these
models, a thick brane is not just a regularized version of a (more fundamental) strict codimension two object:
on the contrary, the brane thickness plays a crucial role in the discussion 4.
After presenting our background, we proceed with the study of linear perturbations on it. These are
necessary to study the backreaction of brane matter on the geometry and the bulk fields, and to analyze
the behavior of gravity on the brane. Analysis of the behavior of gravity and cosmology in codimension
two brane-worlds have already been considered in the literature [14, 15] (see for example [16] for a study
of non-linear gravitational waves propagating on a codimension one brane in a regular six dimensional
background). Sometimes, previous studies found that the energy momentum tensor on the brane must
satisfy precise conditions in order to recover standard cosmology at late times. In the present paper we
consider the most general Ansatz for the perturbations, and we consistently include the necessary couplings
between the bulk gauge field and the brane. At the linearized level, the system of equations that governs the
massless perturbations can be solved exactly. All the scalar quantities depend on two functions, that control
4Also, configurations containing thick codimension two branes have been found looking for vacua of six dimensional gauged
supergravity [13].
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the bulk geometry, the gauge field, and the position of the brane in the bulk. By studying the junction
conditions for the metric and the gauge field, we can provide a clear geometrical interpretation of the effect
of matter on the brane. The brane is bent with respect to its initial position (like in the codimension one
case [17]) and the geometry of the internal space gets deformed.
The natural application of our analysis is the study of the behavior of induced gravity on the brane.
Various massless scalar modes contribute to gravitational equations, potentially inducing large-distance
corrections to Einstein gravity. We show that all the equations reorganize in such a way that Einstein gravity
is reproduced at large distances on the brane. In particular, we recover the standard Einstein equations in
four dimensions, plus corrections due the field that controls the compactification volume. However, using the
junction conditions, we are able to show that these corrections are sub-dominant with respect to the standard
contributions, and become important only at scales comparable to the size of the compactification manifold.
Having done so, we are finally able to compute the limit in which the brane shrinks to a codimension-two
defect. This computation is particularly important, since it can shed light on the behavior of gravity when
coupled to higher codimension branes. We discuss this issue in the conclusions.
The paper is organized as follows. In Section 2 we present the background configuration for our model.
The study of linear perturbations is started in Section 3. In Section 4 we discuss the solutions for the
equations ruling the perturbations, and we impose the necessary junction conditions at the brane position.
Section 5 is devoted to study the behavior of gravity as seen by a brane observer. Section 6 contains our
conclusions. A considerable number of Appendixes is added at the end of the paper, in order to provide the
necessary tools to reproduce the results discussed in the main text.
2 The model and the background solution
The action of the model is
S = So + Si + Sstr
So,i =
∫
d6x
√−g6
[
M4R− Λo,i −
1
4
FABF
AB
]
(1)
Sstr = −
∫
d5x
√−γ
[
λs +
v2
2
(∂Mσ − eAM )
(
∂Mσ − eAM)] (2)
Let us discuss separately the two sectors, bulk and brane.
The bulk
Let us start by describing the background bulk solution. We consider Minkowski spacetime times a two
dimensional compact space. The latter resembles the so called “rugby ball” compactification, characterized
by azimuthal symmetry, a deficit angle, a Z2 symmetry across the equator, and two conical singularities
at the poles. It is convenient to use polar coordinates for the internal space; however, we use a slightly
unconventional origin for the polar angle θ, placing the equator at θ = 0 , and the two poles at θ = ±π/2
(so that the Z2 symmetry is simply θ ↔ −θ ). We still impose the Z2 symmetry, so that it is enough to
describe the “upper” region, θ ≥ 0 . At odds with the standard construction, where a codimension two
brane is placed at the conical singularity, we truncate the rugby ball at the fixed angle angle θ = θ¯, and we
terminate the space with a regular spherical cap with no deficit angle. The two regions are joint through
a codimension one cylinder S1×(4d Minkowski). The defect can be also viewed as a string in the internal
space (once the noncompact directions are suppressed), and, therefore, the term string will be also used in
the following.
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We denote the region from the equator to the string as the “outside bulk”, and the region from the
string to the pole as the “inside bulk”; the overall geometry is sketched in fig. 1 (we stress that, while a Z2
symmetry is imposed at the equator, there is no the Z2 symmetry across the string).
The outside bulk, located at 0 < θ < θ¯, is characterized by
ds26 = ηµνdx
µdxν +R2o dθ
2 +R2o β
2
o cos
2 θ dφˆ2 (3)
Fθφˆ = M
2βoRo cos θ . (4)
where Ro denotes the compactification radius, and 1− βo is the deficit angle.
For the interior geometry, θ¯ < θ < pi2 , we have instead
ds26 = ηµνdx
µdxν +R2i dθ
2 +R2i β
2
i cos
2 θ dφˆ2 (5)
Fθφˆ = M
2βiRi cos θ . (6)
(where Ri and βi are the analogous of Ro and βo , respectively).
This compactification is obtained by two different six dimensional cosmological constants Λo,i,
√
2λi =
M2
Ri
√
2λo =
M2
Ro
. (7)
and by the two different values of the “magnetic” field Fθφˆ given above.
As mentioned, we choose the parameters to have a regular inside bulk with no deficit angle, βi = 1. The
continuity of gφˆφˆ at the brane position then imposes
Ri = βoRo (8)
A few redefinitions allow to write the bulk solution in a more compact form. We redefine R ≡ Ro and
β = βo, and introduce the dimensionful coordinates l, φ , satisfying
dl = R
[
Θ
(
θ¯ − θ)+ βΘ (θ − θ¯)] dθ ,
dφ = Rβ dφˆ . (9)
where Θ is the Heaviside step function. In terms of these coordinates the bulk solution rewrites
ds2 = dl2 + cos2 [θ (l)] dφ2 + ηµν dx
µ dxν (10)
Flφ = M
2 θ′ (l) cos [θ (l)] (11)
both outside and inside (here and in the following prime denotes differentiation with respect to l ). The
function θ (l) is obtained by inverting (9)
θ (l) = θ¯ +
1
R
(
l −R θ¯) [Θ (R θ¯ − l)+ 1
β
Θ
(
l −R θ¯)] . (12)
In the following we will need some properties of this function:
θ′(l) =
1
R
[
Θ
(
R θ¯ − l)+ 1
β
Θ
(
l −R θ¯)] , (13)
θ′′(l) = − 1
R
(
1− 1
β
)
δ(l −Rθ¯) . (14)
Moreover, we see that the two new coordinates extend for
0 < l < R
[
θ¯ + β
(π
2
− θ¯
)]
, 0 < φ < 2π Rβ , (15)
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with the string at l = R θ¯ .
We conclude by noting that if some field, with charge e under the U(1) symmetry, is present, it is well
known that the deficit angle must satisfy a quantization condition
β =
N
2 eM2R
, N = 0, 1, 2, . . . . (16)
as we recall in Appendix A. At least one charged field must be present on the brane (see the next paragraph)
and so this condition holds for our system.
The brane
The discontinuities in the geometry and in the gauge field must be compensated by energy momentum tensor
localized on a codimension one brane, at the position l = R θ¯ . To compensate the jump in the Maxwell
equations (discussed below), the brane must couple also to the gauge field. This motivates the choice of
the brane action (2) [18]. In particular, we interpret v/
√
2 as the absolute value of the vacuum expectation
value of a brane Higgs field of charge e, that we have integrated out. σ is the phase of such a field, and acts
as a Goldstone mode. The induced metric on the four brane is given by
ds25 = ηµν dx
µdxν + cos2 θ¯ dφ2 (17)
The energy momentum tensor of the four brane is
Sµν = −
[
λs +
v2
2
(∂φσ − eAφ)
(
∂φσ − eAφ
)]
ηµν (18)
Sφφ = −
[
λs − v
2
2
(∂φσ − eAφ)
(
∂φσ − eAφ
)]
γφφ (19)
while Sµφ = 0 .
We must solve the Israel junction conditions
[
KˆAB
]
J
= −SAB
M4
. (20)
where
KˆMN = KMN − γMNK , KMN = ∇MnN (21)
and where we have defined [f ]J ≡ fout − fin.
For the above background, one finds
[
Kˆµν
]
J
=
1− β
Rβ
tan (θ¯) ηµν , Kˆφφ = 0 . (22)
So Sφφ must be zero, which fixes λs in terms of v, σ and e:
λs =
v2
2
(∂φσ − eAφ)
(
∂φσ − eAφ
)
. (23)
The equation of motion for σ, ∂M (∂Mσ − eAM ) = 0, implies ∂φ ∂φσ = 0. This latter equation has to be
solved while taking into account that σ is a phase and that the allowed values for β R are related to e by
eq. (16). This gives (up to an irrelevant additive constant)
σ (φ) =
n
Rβ
φ =
2n
N
eM2 φ (24)
5
Figure 1: The background configuration.
where n is an integer. From the Maxwell equation, one obtains the following junction condition for the
discontinuity of the magnetic field[(√
gllF
lφ
)]
J
= e v2
(
∂φσ − eAφ
)
|brane
(25)
As shown in appendix A, Aφ|brane = M
2
(
sin θ¯ − 1). Then, eq. (25) and the remaining (µν) component
of (20) give
n = −N/2 (26)
1
R
(
1− 1
β
)
cos θ¯ = −q2 sin θ¯ , q ≡ e v . (27)
Notice that the first relation forces us to consider only systems where N is even.
To summarize, after the mode σ is set to its solution, the brane action is characterized by the three
parameters q2, λs, and θ¯. The brane position θ¯ is related to the (rescaled) charge q
2 by eq. (27). Eq. (23)
then gives the tension λs . This last relation can be rewritten as
q2 = − [θ′]
J
1
tan θ¯
=
2λs
M4 tan2 θ¯
(28)
It is instructive to compare these result to the expression for the deficit angle which is obtained in the
case of a codimension 2 object localized at the pole [6]
1− β = T
2πM4
, codimension 2 (29)
In our case, the total tension on the string is obtained by integrating over the azimuthal direction the
(µν) component of the energy momentum tensor on the string
T = 2πRβ cos θ¯
[
λs +
v2
2
(∂φσ − eAφ)
(
∂φσ − eAφ
)]
(30)
Inserting the expressions we have determined, the deficit angle in our case reads,
1− β = T
2M4π sin θ¯
(31)
If we now shrink the string to the north pole (i.e. θ¯ → π/2), we recover the codimension 2 result (29).
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3 Perturbations
The defect has the topology of a cylinder, once the non-compact directions are also taken into account.
Fields localized on the defect have zero modes which appear as “rings” on this cylinder, with the wave
function homogeneously distributed along the compact φ direction. We will be interested in computing
gravity at large distance between two zero modes localized on the defect. The bulk gravitons which give a
dominant contribution to the interaction will also be symmetric in φ . For this reason, we can restrict our
study to azimuthally symmetric perturbations of the background solution (10). Since we are interested in
gravity at distances much larger than R , in the following we further restrict our analysis to the massless
bulk modes.
The most general geometry with this property is described by
ds2 = (1 + 2Φ) dl2 + 2Adl dφ+ (1 + 2C) cos2 θ dφ2
+ 2 (Tµ + ∂µT ) dldx
µ + 2 (Vµ + ∂µV ) dφ dx
µ (32)
+
{
ηµν (1 + 2Ψ) + 2E,µν +E(µ,ν) + hµν
}
dxµ dxν
where none of the fields depend on φ , and where E(µν) ≡ ∂νEµ + ∂µEν . We have split the perturbations
into scalar, vector and tensor modes under the Lorentz group in the non-compact coordinates. The vector
modes Tµ, Vµ, Eµ are transverse, ∂
µTµ = 0, . . . , while the tensor mode hµν is transverse and traceless,
∂µhµν = 0 , h ≡ hµµ = 0 . The remaining modes are scalar. This choice is motivated by the fact that modes
belonging to different representations are not coupled to each other at the linearized level (this considerably
simplifies the study of the Einstein equations in the bulk).
The modes (33) transform under infinitesimal change of coordinates. As we discuss in details in
appendix B, we can fix (part of) the gauge freedom, and reduce the number of modes by imposing
Eµ = T = V = 0 . This leaves the residual freedom
xA → xA + ξA (xµ, l) with ξl = −ξ′, ξφ = 0, ξµ = ∂µξ (33)
We further restrict the gauge freedom by imposing that
θstring = θ¯ , Φ
(
θ¯
)
= 0 (34)
that is we require that the string lies at the unperturbed background position, and that gll = 1 there. This
choice includes the Gaussian normal coordinates, but we impose this only at the brane, and not necessarily
for a finite distance (along θ) from the brane. For shortness, we still refer to (34) as choosing gaussian normal
coordinates, although it is actually more general. The choice (34) forces ξl
(
θ¯
)
= ξl′
(
θ¯
)
= 0 , leaving however
the residual freedom of any function ξ (xµ) (this freedom is used below when we compute the gravitational
interaction). We rather write the bulk equations in a manifestly gauge invariant form by identifying gauge
invariant modes under (33), as was originally done for the cosmological 4d case in [19]. As we show in
appendix B, the remaining vector and tensor modes, as well as the scalars A and Ψ are already invariant
under (33), while the other scalar modes combine into the gauge invariant combinations
Φˆ ≡ Φ+ E′′
Cˆ ≡ C − θ′ tan θ E′ (35)
In an arbitrary gauge, the string would be at position
θstring = θ¯ + ζ (x
µ) (36)
The mode ζ corresponds to a (φ symmetric) deformation of the defect, and it can be thought of as the
analogous of the “brane bending” mode of [17]. We show below that, also in the present context, the mode
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is crucial to obtain standard 4d gravity at large distance. The brane position changes under the residual
coordinate transformation (33). However, it can be combined to give the gauge invariant displacement
ζˆ = ζ − E′ (37)
Therefore, since we choose ζ = 0, the deformation of the string is encoded in −E′ (θ¯) .
The field σ is localized on the brane; we denote its perturbation by δσ, that can be shown to be invariant
under the residual coordinate transformation (33).
Finally, we must also consider the perturbations of the gauge field,
δAφ ≡ aφ, δAl ≡ al, δAµ ≡ ∂µa+ aˆµ (38)
where δAµ has also been decomposed into a scalar and a transverse vector part. We denote the corresponding
perturbations of the field strength as δFAB ≡ fAB . The flµ component receive contributions from both
modes in the vector and scalar sectors,
fµl = ∂µ
(
al − a′
)− aˆ′µ ≡ fSµl + fVµl , (39)
The two terms are not separately invariant under U (1) transformations. As we discuss in appendix B, we
use (part of) the gauge freedom to set fSµl = 0 in the bulk.
Only the component aφ transforms under the residual coordinate transformation (33). Also in this case,
we can construct the gauge invariant combination
aˆφ = aφ + θ
′M2 cos θ E′ (40)
4 Zero mode solutions and localization of sources on the string
We restrict to zero modes since they are the only ones responsible for gravity at large distances. The
physical modes obey several equations, both in the bulk and at the string. We first solve the Einstein and
Maxwell equations in the bulk (the details of the computation are shown in appendix C). These gives the
bulk solutions in terms of several integration constants (the computation is performed on the outside and
the inside separately). Some of these modes are projected out by requiring appropriate Z2 parity at the
equator, and regularity at the pole.
The integration constants are then related by a number of boundary conditions at the string. We first
impose the first Israel conditions (appendix D), which are the continuity of the induced metric at the brane
γφφ = cos
2 θ¯ (1 + 2C)
γµν = (1 + 2Ψ) ηµν + E,µν + hµν (41)
(that is, the above components should be equal for θ → θ¯±). The function E at the string does not play any
role, and indeed it can be gauged to zero through the residual coordinate transformation ξ (xµ) . We also
impose continuity of the µ and φ components of the gauge field AM (otherwise the string action (2) would
not be properly defined). In Appendix E we then solve the Maxwell equations at the brane.
Matter on the string (assumed to be uncharged under the bulk gauge group) does not enter in any of
the equations listed so far. Therefore, it is worth summarizing the general results up to this point, before
introducing matter fields.
The tensor mode is forced to be θ−independent, and equal on the outside and the inside bulk,
hµν = Cµν (x) , everywhere (42)
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The vector mode Tµ is forced to vanish; the other modes aµ and Vµ are not coupled to matter (they do
not contribute to the junction conditions) at the linearized level, and we therefore do not need to consider
them further.
The scalar mode A is forced to vanish. The brane scalar mode δσ is also forced to depend only on xµ
once we impose the periodicity on σ + δσ (that is, σ + δσ → σ + δσ + 2πn as φ → φ + 2πRβ ) and we
take into account that δσ is infinitesimal (so that it cannot contribute to this finite discontinuity). The
combination al− a′ is set to zero by a U (1) gauge choice (see the discussion around eq. (B.14)). The modes
enter separately only in the brane equations (where the U (1) gauge symmetry is broken); the boundary
conditions give al = 0, δσ = e a at the brane and we can set a
(
θ¯
)
= 0 by using a residual U (1) gauge freedom
(again, cf. the discussion after eq. (B.14)). Therefore, also these modes can be discharged. The remaining
modes must be included. Due to the residual freedom (33), the bulk equations can be written in terms of only
the gauge invariant combinations Φˆ, Cˆ, Ψ, aˆφ . The brane equations can be also written in terms of these
combinations, plus the gauge invariant brane mode 5 ζˆ = −E′ . As we show in appendices B through E, all
these modes can be written in terms of two xµ−dependent integration constants, corresponding scalar fields
in 4d. Schematically,
C
(i)
Ψ (x) , D
(i)
Ψ (x) → Φˆ, Cˆ, Ψ, aˆφ, ζˆ (43)
The suffixes for the integration constants are justified by the fact that the function Ψ on the inside part of
the bulk depends on both the modes in the following simple way
Ψ (θ, xµ) = C
(i)
Ψ (x) +D
(i)
Ψ (x) sin θ , inside (44)
(outside, instead, Ψ is forced to be constant, and, by continuity, equal to C
(i)
Ψ +D
(i)
Ψ sin θ¯ ). So, considering
all but the (second) Israel conditions, we end up with a tensor (Cµν) and two scalar (C
(i)
Ψ ,D
(i)
Ψ ) zero modes.
The interaction of these modes with matter on the brane is described by the (second Israel) junction
conditions (see appendix F) [
−ζˆ,µν + 1
2
h′µν
]
J
=
1
M4
(
Tµν − T
3
ηµν
)
(45)
[
∂2ζˆ − 4Ψ
′
cos2 θ¯
]
J
=
T φφ
M4
(46)
where Tµν and Tφφ are the non vanishing components of the energy–momentum tensor of matter fields on
the string. These equations allow to determine the three zero modes of the system.
Let us observe that the trace of (45) gives the simple relation
[
∂2ζˆ
]
J
=
T
3M4
, T ≡ T µµ (47)
between the deformation mode of the string and the trace of the matter energy–momentum tensor along
the non-compact directions. From this, eq. (46) rewrites
[
4Ψ′
cos2 θ¯
]
J
=
T
3M4
−
T φφ
M4
(48)
5More precisely, we do not have a definite parity across the string, and the brane displacement in the outside and inside bulk
is controlled by the two different gauge invariant modes, ζˆout, ζˆin . A Z2 symmetry, as for instance in the RS case, would force
these mode to be one the opposite of the other, but this is not true in the present case.
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Being [Ψ′]J ∝ D(i)Ψ (x), we discover that, if the energy–momentum tensor on the string satisfies
T
3
= T φφ (49)
the massless mode D
(i)
Ψ is removed from the spectrum. As we discuss below, this mode controls the variation
of the volume of the internal space (which is instead independent of C
(i)
Ψ ), and leads to a deviation (however
negligible, at large distances) from standard Einstein 4d gravity. Note that the condition (49) is analogous
to the condition T 55 = T/2 given in [21] for stability of codimension–one brane models.
5 Gravity at large distance
We are now in the position to compute gravity at large distance (≫ R) between two sources localized on
the string. Most of the computation extends the analogous one of [17] for gravity in the Randall–Sundrum
model [20], taking into account now extra–complications due to the presence of the φ coordinate and the
additional bulk fields. The first step is to notice that the bulk equation for the tensor modes, eq. (B.17),
and the junction condition (45) can be combined into the single equation
∂l (cos θ ∂l hµν) + cos θ ∂
2hµν = −2δ
(
l −R θ¯) cos θ¯
M4
(
Tµν − T
3
ηµν +M
4
[
ζˆ,µν
]
J
)
(50)
To solve this equation, we construct a (retarded) Green function from the bulk wave functions of the
tensor mode, which we then truncate to the zero mode. This truncation is sufficient to describe gravity at
large distances, which is our purpose. The computation is presented in appendix G. Analogously to what
found in [17], the zero–mode truncated solution of (50) is
h(0)µν ≡ h(m)µν + h(ζ),µν (51)
h(m)µν ≡ −
4πRβ
M4 V2
cos θ¯
(
∂2
)−1 [
Tµν −
T
3
ηµν
]
(52)
h(ζ) ≡ −4πRβ
V2
cos θ¯
(
∂2
)−1 [
ζˆ
]
J
(53)
where V2 is the volume of half bulk, explicitly given in eq. (G.73).
We are interested in the gravitational interaction between zero mode particles localized on the string.
The wave function of these particles are evenly spread along the φ direction and probe the induced metric
g(4)µν = ηµν (1 + 2Ψ) + h
(m)
µν +
(
h(ζ) + 2E
)
,µν
(54)
where we have truncated to the zero mode (51). We want to compute the linearized Ricci tensor associated
to the metric (54). In general, for a metric ηµν + δgµν the linearized Ricci tensor is (the indexes are raised
with the flat metric ηµν)
R(4)µν =
1
2
(
δgµλ
,λ
,ν + δgλν
,λ
,µ − δg,µν − ∂2δgµν
)
(55)
It is immediate to verify that the last term in (54) does not contribute to (55). This shows that the residual
gauge freedom ξ (xµ) , mentioned in the discussion after eq. (33), can be used to set h(ζ) + 2E = 0 on the
string. Then, taking into account that h
(0)
µν = h
(m)
µν + h
(ζ)
,µν is transverse and traceless, simple algebra gives
R(4)µν = −
1
2
∂2h(m)µν +
1
4
∂2 ∂2 h(ζ)ηµν +
(
1
2
∂2Υηµν +Υ,µν
)
(56)
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where we have introduced the combination
Υ ≡
(
−2Ψ− 1
2
∂2h(ζ)
) ∣∣∣
m=θ¯
(57)
From (52), the first term in (56) gives
−1
2
∂2h(m)µν =
2πRβ
M4V2
(
Tµν − T
3
ηµν
)
(58)
Using (47), the second term can be related to the deformation mode of the string; using then eq. (53) we
get
1
4
∂2∂2h(ζ)ηµν = −πRβ
V2
[
∂2ζˆ
]
J
=
2πRβ
M4V2
(
−T
6
ηµν
)
(59)
Therefore,
R(4)µν =
2πRβ
M4V2
cos θ¯
[
Tµν −
T
3
ηµν −
T
6
ηµν
]
+
(
1
2
∂2Υ ηµν +Υ,µν
)
= (60)
=
2πRβ
M4V2
cos θ¯
[
Tµν − T
2
ηµν
]
+
(
1
2
∂2Υ ηµν +Υ,µν
)
Precisely as in [17], the contribution of the deformation mode “changes” the T/3 factor into the standard
four dimensional one T/2.
The energy–momentum tensor Tµν represents matter on the five dimensional string (indeed, it has mass
dimension 5). For the matter zero modes we are considering, the four dimensional tensor is obtained by
integrating along the (homogeneous) φ direction
T (4)µν =
∫ 2piRβ
0
dφ
√
γ
(0)
φφ Tµν = 2πRβ cos θ¯ Tµν (61)
With this into account,
R(4)µν =
1
M4V2
[
T (4)µν −
T (4)
2
ηµν
]
+
(
1
2
∂2Υ ηµν +Υ,µν
)
(62)
In absence of the second term, we would then recover ordinary gravity at large distance, in terms of the 4d
Planck mass
M2p ≡M4 V2 (63)
which is exactly the general ADD relation for flat extra dimensions [2].
The term in Υ signals a scalar–tensor theory of gravity. Indeed, if we define a new 4–dimensional metric
g¯(4)µν ≡ (1 + Υ) g(4)µν , (64)
the corresponding Ricci tensor shall obey the equation
R¯(4)µν =
1
M4V2
[
T (4)µν −
T (4)
2
ηµν
]
. (65)
This transformation brings the system to the Einstein frame, where (at least the linearized level) the action
of matter is of the standard form, but in terms of the metric g¯
(4)
µν .
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As we now show, the effect of Υ is in any case negligible at large distances (that is, at distances much
larger than the compactification scale). By using (53), we can rewrite
Υ = −2Ψ + 2πRβ
V2
cos θ¯
[
ζˆ
]
J
(66)
and, by inserting the expressions (D.40) for Ψ , and (E.53) and (E.54) for ζˆ , one explicitly finds
Υ = D
(i)
Ψ
1− sin θ¯
3
[
sin θ¯ + β
(
1− sin θ¯)]
[
9β + (10 − 7β) sin θ¯ − (11 + β) sin2 θ¯ (1 + sin θ¯)]
≡ D(i)Ψ
1− sin θ¯
sin θ¯ + β
(
1− sin θ¯) F
(
β, θ¯
)
(67)
The most important information that we obtain from this relation is that only the mode D
(i)
Ψ enters in Υ.
As shown in Appendix H, also the perturbations of the volume of the internal space is proportional only
to D
(i)
Ψ (the same is true also for the circumference of the cylinder). Not surprisingly, we see that exact
standard 4d gravity is recovered only when the gravitational interaction does not perturb the internal space.
The mode D
(i)
Ψ can be related to the energy–momentum tensor of matter through eq. (48). This gives
D
(i)
Ψ = −
cos θ¯
4
Rβ
M4
(
T
3
− T φφ
)
. (68)
With this taken into account, eq. (62) rewrites
R(4)µν =
1
M2p
[
T (4)µν −
T (4)
2
ηµν
]
− R
2 β
4M2p
(
1− sin θ¯) F (β, θ¯) (1
2
ηµν∂
2 + ∂µ∂ν
) (
T (4)
3
− T (4)φφ
)
(69)
It is now immediate to see that the second term is negligible at distances much larger than the compactifica-
tion scale, for which the operator R2 ∂2 is much smaller than one. Moreover, we see that this term decouples
as the string shrinks to the pole (θ¯ → π/2), since F (β, θ¯) is regular in this limit. This concludes our proof
that gravity at large distance in this system is simply Einstein 4d gravity. We will comment further on the
stabilization of the internal space and on the role of Υ in the following concluding section.
6 Conclusions and Outlook
In this paper we considered a brane-world model in a six dimensional space-time, in which two of the
dimensions are compactified by a flux [1]. The brane-world can be seen as a thick codimension two brane,
embedded in the six dimensional space and coupled to the bulk gauge field.
Our study addresses the observation that only pure tension can be localized on a strict codimension two
defect embedded in six dimensions [8, 9]. To overcome this problem, we replaced the codimension two brane
by a cylinder, centered on the axis of symmetry of the system. We showed that fields with arbitrary energy–
momentum tensor can be placed on the cylinder, while the bulk geometry remains regular everywhere. More
importantly, the gravitational interaction between two zero modes on the string is 4d Einstein gravity at
distances L much greater than the compactification radius R of the internal space.
To see this, we have studied the massless perturbations of this geometry. After solving the complete set
of equations, only three modes are relevant for the gravitational interaction; a tensor and two scalar ones.
One of the two scalars plays the same role as the brane bending mode in the RS model [17]. Its presence
modifies the Einstein equation so to reproduce the exact tensorial structure of the 4d Einstein tensor (calling
R(4) the 4 dimensional Ricci scalar, it modifies the −R(4)/3 coefficient, typical of codimension one, into the
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standard −R(4)/2). In our case the bending is associated to (azimuthal symmetric) small deformations of the
radius of the string which occur where matter is localized. The second mode, denoted by D
(i)
Ψ in the paper,
instead modifies the Einstein equations, so that gravity in this model is actually of the scalar–tensor type.
However, we showed that this modification is parametrically suppressed by the ratio (R/L)2 . Therefore,
gravity at large distances is the standard 4d Einstein one.
Of the two scalars, it is interesting to notice that only the mode D
(i)
Ψ controls the volume of the internal
space. Therefore, the correction to 4d gravity is easily seen to be associated to a deformation of the compact
dimensions. This situation is analogous to the one emerged in the cosmological studies of codimension one
brane-worlds, where it was found that the stability of the internal space is mandatory to recover standard
4d cosmology [21, 22]. As in that case, the mode is coupled to the trace of the stress-energy tensor of the
brane fields. So, unless a brane field has a traceless energy–momentum tensor (which can be arranged for by
providing a suitable pressure along the compact angular dimension) it will deform the volume of the internal
space, resulting in a scalar–tensor gravitational interaction. The smallness of this effect at large scales can
be attributed to the fact that both the volume of the internal space and the brane position are stabilized
by fluxes in absence of matter on the string (this can be attribute to flux conservation [7] in general, and
also to quantization conditions if charged fields are present in the bulk).
The contribution due toD
(i)
Ψ is not the only effect that we expect at small scales. At distances comparable
or smaller than the compactification radius, the KK modes of the perturbations of the geometry will become
relevant. In general, we expect two sources of corrections to the 4d theory at short scale. The ones from
gravity become effective at distances comparable to the compactification radius R. However, a second
class of modifications emerges from the Standard Model interactions between the KK modes of the fields
living on the string. The latter manifest themselves at distances comparable to the radius of the string,
R cos θ¯ . Unless the string is hierarchically close to the pole, the effects from the Standard Model interactions
will dominate. In principle, one can even envisage the rather peculiar situation where both effects are of
phenomenological interest (for instance, a string of length ∼ (10TeV)−1 in a sub–millimeter bulk).
A relevant question for our construction is what happens in the limit where the string is shrunk to a
codimension two brane at the pole, θ¯ → π/2 . The correct procedure is to keep T (4)µν constant in this limit
(T
(4)
µν is the matter energy–momentum tensor integrated along the length of the string, and it is the quantity
entering in the 4d equations). As eq. (47) then shows, the perturbation of the brane position, denoted
by ζˆ in the paper, diverges in this limit. As soon as ζˆ exceeds the unperturbed radius of the string, the
perturbative approximation breaks down, and the behavior of gravity cannot be anymore obtained by our
computation. Given the difficulties with the strict codimension two case, we argue that the gravitational
interaction mediated by the scalar modes becomes strong in this limit. A further complication for the
comparison between the two cases is the fact that scalar modes are absent if the brane has codimension 2
(see the first of [15]). An intuitive understanding of this fact can be gained by noting that the deformation
of the string radius does not have a counterpart when the brane is point–like; this is actually the reason
which prompted us to introduce the codimension one string, to have a necessary “brane bending” mode
which would be otherwise absent in codimension two. It is also instructive to compare this discussion with
the findings of [23], where a relativistic shockwave was obtained in the codimension two case. The mode ζˆ is
actually coupled to the trace of T
(4)
µν . Therefore, the bending mode is not excited by a relativistic source; we
can then expect that gravity remains weak in this case, and the limit θ¯ → π/2 is continuous, in agreement
with what argued in [23].
There are several open issue which are worth further analysis. One is the actual stability of the com-
pactification we have considered. We studied the massless modes of the theory, but we did not exclude the
possibility that tachyonic modes are present (particularly, in the scalar sector). Another interesting issue is
the cosmology of the model, when the matter fields on the string give a sizable contribution to the back-
ground evolution. In the case we have studied, the position of the string is governed, among other thing, by
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the tension on it. It is possible that a time dependent energy density would result in a motion of the string
in the internal space, while the non-compact coordinates are expanding. A non perturbative analysis on the
lines of the one in [24] may be able to clarify this aspect. Finally, let us comment that a construction like
ours can be straightforwardly performed in a supergravity framework, by considering Salam-Sezgin com-
pactification of Nishino-Sezgin gauged supergravity [25], by including also the perturbations of the scalar
and three-form fluxes that appear on that system.
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Appendixes
A Flux quantization
In this appendix we review how, in presence of a bulk fermion charged under the U (1) symmetry, the
background solution is quantized. The gauge field leading to eq. (11) has to be taken as
Aφ = M
2 (sin θ − 1) ≡ A(N)φ for l ≥ −lD (A.1)
Aφ = M
2 (sin θ + 1) ≡ A(S)φ for − l ≤ lD . (A.2)
where lD > 0. This guarantees that Aφ is well defined (Aφ = 0) at the two poles, and that we have a region
−lD < 0 < lD where Aφ is doubly defined:
A
(N)
φ −A
(S)
φ = −2M2 , (A.3)
However, the difference between the two values is unphysical if it corresponds to the gauge transformation
Aφ → Aφ + ∂φΛ , Λ = −2M2φ . (A.4)
The quantization arises in presence of a bulk field which is charged the U (1) symmetry. In correspondence
of (A.4), a bulk fermion of charge e transforms as
ψ → e−ieΛψ = e2ieM2φψ . (A.5)
The single valuedness for ψ as we send φ→ φ+ 2πβR imposes the quantization condition (16).
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B Gauge invariant perturbations and bulk equations
Under the infinitesimal coordinate transformation xA → xA+ξA (l, xµ) , with ξµ = ∂µξ+ ξˆµ (ξˆµ transverse),
the perturbations of the system, eqs. (33)and (38) transform as
tensor : hµν → hµν
vectors : Tµ → Tµ − ξˆ′µ
Vµ → Vµ
Eµ → Eµ − ξˆµ
scalars : Φ→ Φ− ξl′
A→ A− cos2 θ ξφ′
C → C + θ′ tan θ ξl
T → T − ξl − ξ′
V → V − cos2 θ ξφ
E → E − ξ
Ψ→ Ψ
gauge : al → al −M2 (sin θ − 1) ξφ′
aφ → aφ − θ′M2 cos θξl
a→ a−M2 (sin θ − 1) ξφ
aˆµ → aˆµ (B.6)
we can now explicitly verify that it is possible to set Eµ = T = V = 0 , as done in the main text, with the
residual freedom (33). It is also immediate to verify that the combinations (35) and (40) do not change
under (33).
In the bulk, we have the Maxwell and Einstein equations
∂M
(√−ggMAgNBFAB) = 0
GAB =
TAB
M4
(B.7)
which we linearize at first order in the perturbations.
Let us start from the Maxwell equations. The l, φ, and µ components read, respectively,
∂µfµl = 0 , (B.8)
θ′ tg θ flφ −M2θ′ cos θ
(
C ′ +Φ′ − 4Ψ′ − ∂2E′)+ f ′lφ + ∂µfµφ = 0 , (B.9)
θ′tg θ fµl − f ′µl − ∂νfµν −
M2θ′
cos θ
V ′µ = 0 (B.10)
We want to rewrite these equations in terms of the perturbations of the gauge field, eq. (38). To do this
properly, we must take into account the U (1) gauge symmetry in the bulk. Under an infinitesimal gauge
transformations, δAA → δAA + ∂Aλ , the different components transform as
al → al + λ′ , aφ → aφ , (B.11)
where we have assumed that λ does not depend on φ. Since we have decomposed aµ in a traceless and a
transverse part, we also decompose λ = λH + λNH , where ∂
2λH = 0 . Then,
aµ → aµ + ∂µ (λH + λNH) ⇒
a→ a+ λNH , aˆµ → aˆµ + ∂µλH (B.12)
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(in this way, aˆµ remains transverse). Accordingly, the component fµl of the field strength is decomposed in
fµl = ∂µ
(
al − a′
)− aˆ′µ ≡ fSµl + fVµl , (B.13)
The scalar and vector components of fµl are not separately gauge invariant (although their sum obviously
is). Under the gauge transformation, we have
fSµl → fSµl + ∂µλ′H (B.14)
so we can use λH to set f
S
µl = 0 in the bulk. Note that this does not fix uniquely λH , that still depends on
an arbitrary function λresH (x
µ). Eq. (B.8) is automatically satisfied, since aˆµ is transverse, while eq. (B.10)
has only the nontrivial vector component
aˆ′′µ − θ′ tan θ aˆ′µ + ∂2aˆµ −
M2θ′
cos θ
V ′µ = 0 (B.15)
Eq. (B.9) has instead only the scalar component. We can rewrite it in terms of gauge invariant fields
defined in the main body of the paper
∂2aˆφ + aˆ
′′
φ + θ
′ tan θ aˆ′φ −M2θ′ cos θ
[
Cˆ ′ + Φˆ′ − 4Ψ′
]
= 0 (B.16)
We can now turn to the Einstein equations for the perturbations. As for the Maxwell equations, we
decompose them into tensor / vector / scalar components, and we then write them in terms of gauge
invariant fields. For the tensor mode, we obtain
∂2hµν + h
′′
µν − θ′ tan θ h′µν = 0 (B.17)
from the (µν) equation. For the vector modes, we have instead
∂2Tµ = 0 (B.18)
∂2Vµ + V
′′
µ + θ
′ tan θ V ′µ +
2cos θ θ′aˆ′µ
M2
= 0 (B.19)
T ′µ − θ′ tan θ Tµ = 0 (B.20)
from the (lµ) , (φµ) , and (µν) components, respectively. Finally, in the scalar sector we find
θ′
(
Cˆ + Φˆ
)
− 4 tan θΨ′ + 1
θ′
∂2
(
Cˆ + 3Ψ
)
=
aˆ′φ
M2 cos θ
(B.21)
∂2A = 0 (B.22)
4Ψ′′ + ∂2
(
Φˆ + 3Ψ
)
+ θ
′2
(
Cˆ + Φˆ
)
=
θ′aˆ′φ
M2 cos θ
(B.23)
θ′ tan θ
(
Cˆ − Φˆ
)
− 3Ψ′ − Cˆ ′ = θ
′ aˆφ
M2 cos θ
(B.24)
A′ − θ′tg θ A = 0 (B.25)
∂2
(
Cˆ + Φˆ + 2Ψ
)
+ θ′ tan θ
(
−2Cˆ ′ + Φˆ′ − 3Ψ′
)
+
+Cˆ ′′ + 3Ψ′′ + θ
′2
(
Φˆ− Cˆ
)
+
θ′aˆ′φ
M2 cos θ
= 0 (B.26)
Cˆ + Φˆ + 2Ψ = 0 (B.27)
from the (ll) , (lφ) , (φφ) , (lµ) , (φµ) , diagonal (µν) , and non-diagonal (µν) components, respectively.
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C Bulk solutions for the zero modes
In this Section, we solve the equations for the zero modes (∂2 ≡ 0) in the bulk, working out the three
sectors separately. The restriction to the zero modes is because we are interested in gravity at much larger
distances then the inverse KK masses. In many steps we rename integration constants without mentioning
it explicitly.
Tensor modes: Eq. (B.17) is solved by
hµν = C
(1)
µν (x) + C
(2)
µν (x)
∫
dl
cos θ
(C.28)
The second term vanishes on the outside, by parity considerations (it would be odd at the equator), and
inside, since it would diverge at the pole. Therefore,
hµν =
{
C
(o)
µν (x) , outside
C
(i)
µν (x) , inside
(C.29)
Vector modes: Eqs. (B.15) and (B.19) can be solved to obtain the zero modes of aˆµ and of Vµ in
the bulk. However, these modes do not couple to matter on the string (they do not enter in the junction
conditions), and we can simply ignore ignore them.
For the remaining vector Tµ , eq. (B.18) indicates that only the zero mode is present, while eq. (B.20)
is solved to give Tµ = τµ (x) / cos θ . The integration “constant” τµ must vanish both on the outside bulk
– since Tµ should be odd across the equator – and on the inside bulk – since otherwise the mode would
diverge at the pole. For this reason,
Tµ = 0 , everywhere (C.30)
Scalar modes: We start by rearranging and individuating the set of independent equations among the
Einstein / Maxwell ones. Clearly, equations (B.22) and (B.25) are independent. The first one indicates
that there are no KK modes, while the second one that the zero mode is A = D (x) / cos θ . This mode
vanishes outside, by parity considerations (it should be odd), and inside, since it would diverge at the pole.
Therefore,
A = 0 (C.31)
Among the other ones, eq. (B.16) can be obtained from (B.21) and (B.23), while eq. (B.26) from
eq. (B.24). We can simplify the remaining equations by combining eq. (B.21) and eq. (B.23) to obtain
Ψ′′ + θ′ tan θΨ′ = 0 (C.32)
We then use eq. (B.27) to simplify eqs. (B.21) and(B.24),
2θ′Ψ+ 4 tan θΨ′ +
aˆ′φ
M2 cos θ
= 0 (C.33)
2θ′ tan θ
(
Cˆ +Ψ
)
− 3Ψ′ − Cˆ ′ = θ
′ aˆφ
M2 cos θ
(C.34)
Eqs. (C.32), (C.33), (C.34), and (B.27), can be then solved in this order.
From eq. (C.32) we find
Ψ =


C
(o)
Ψ (x) , outside
C
(i)
Ψ (x) +D
(i)
Ψ sin θ , inside
(C.35)
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where in the outside part one mode vanishes due to the parity symmetry at the equator. Then, from
eq. (C.33) we have
aˆφ =


−2M2C(o)Ψ (x) sin θ , outside
M2
[
2C
(i)
Ψ (1− sin θ) + 3D
(i)
Ψ cos
2 θ
]
, inside
(C.36)
where the integration constant has been fixed, on the outside, by the parity symmetry at the equator, and
on the inside, by the fact that aˆφ must vanish at the pole. Eq. (C.34) gives now
Cˆ =


−2C(o)Ψ (x) + C
(o)
C
1
cos2 θ , outside
−2C(i)Ψ sin θ1+sin θ + 23 D
(i)
Ψ
(5−4 sin θ−4 sin2 θ)
1+sin θ , inside
(C.37)
where the integration constant inside vanishes due to the request of regularity of Cˆ at the pole. Finally, Φˆ
simply follows from the algebraic equation (B.27).
D Induced metric and continuity conditions
We choose the brane to remain at the unperturbed position θ¯ . In this case
ζˆ = −E′ (D.38)
and the induced metric is given in (41) (vector modes excluded). E can be gauged to zero at the brane;
we do not consider it further. We require the continuity of hµν , Ψ, C, aφ (as well as of a and al). The
continuity of hµν gives C
(o)
µν = C
(i)
µν ≡ Cµν . So,
hµν = Cµν (x) , everywhere (D.39)
The continuity of Ψ gives instead C
(o)
Ψ = C
(i)
Ψ +D
(i)
Ψ sin θ¯ , and so
Ψ =


C
(i)
Ψ +D
(i)
Ψ sin θ¯ , outside
C
(i)
Ψ +D
(i)
Ψ sin θ , inside
(D.40)
aˆφ =


−2M2
[
C
(i)
Ψ +D
(i)
Ψ sin θ¯
]
sin θ , outside
M2
[
2C
(i)
Ψ (1− sin θ) + 3D
(i)
Ψ cos
2 θ
]
, inside
(D.41)
The continuity conditions of C and aφ rewrite[
Cˆ − θ′ζˆ tan θ¯
]
J
= 0[
aˆφ +M
2θ′ζˆ cos θ¯
]
J
= 0 (D.42)
which give
CC = 2C
(i)
Ψ +
D
(i)
Ψ
3
(
10 − 3 sin θ¯ − sin3 θ¯)
[
θ′ζˆ
]
J
=
2C
(i)
Ψ +D
(i)
Ψ
(
3− sin2 θ¯)
cos θ¯
(D.43)
18
For future use, we explicitly write also the mode Φˆ, which evaluates to
Φˆ =


1
cos2 θ
[
−2C(i)Ψ −
D
(i)
Ψ (10−3 sin θ¯−sin
3 θ¯)
3
]
, outside
− 2C
(i)
Ψ
1+sin θ −
2D
(i)
Ψ [5−sin θ−sin
2 θ]
3(1+sin θ) , inside
We conclude this appendix by verifying that the perturbed solution is indeed regular at the pole. We
start from the line element
ds2 = R2β2 (1 + 2Φ) dθ2 + (1 + 2C) cos2 θ dφ2 (D.44)
for the inside bulk, and introduce the radial coordinate
r = Rβ
∫ pi/2
θ
(
1 + Φ
(
θ˜
))
dθ˜ (D.45)
so that r = 0 at the pole. In this system of coordinates, an explicit computation gives
ds2 = dr2 + cos2 θ0
[
1 +
20 cos2 θ0
3 (1 + sin θ0)
DiΨ
]
dφ2 , θ0 ≡ π
2
− r
Rβ
(D.46)
Expanding for r → 0 (that is, in a neighborhood of the pole), the perturbation piece drops (being of order
r4), and we are left with
ds2 ≃ dr2 + r2 d
(
φ
Rβ
)2
(D.47)
By comparing with eq. (15), we see that the coordinate φ/Rβ has period 2π (no deficit angle) which confirms
that the inside solution is regular.
E Maxwell junction conditions
Varying the total action with respect to the gauge field gives the Maxwell equations at the brane[√−gF lB]
J
− e v2√−γ (∂Bσ − eAB) = 0 (E.48)
Lowering the indices, and using
√−g = √gll
√−γ , we can write[√
gllFlB
]
J
− e v2 (∂Bσ − eAB) = 0 . (E.49)
The l component of this equation gives al = 0 at the brane.
The equation for δσ reads ∂2φδσ = 0. This is solved by δσ = δσ0 (x
µ) + δσ1 (x
µ) φ. However, periodicity in
φ of σ, and the fact that δσ is infinitesimal, imposes δσ1 = 0, so that we are left just with δσ = δσ0 (x
µ).
The µ component of eq. (E.49) finally gives[
a′ − al
]
J
− e v2 (δσ0 − e a) = 0 (E.50)
Since the first term is zero due to the gauge choice fSµl = 0 , we have δσ0 = e a at the brane, that can be set
to zero by using the residual gauge freedom given by λresH (see appendix B).
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The φ component gives a background equation, already accounted for, plus the equation for the scalar modes[
M2θ′
(
− cos θ¯Φˆ− θ
′ ζˆ
sin θ¯
)
+ aˆ′φ −
θ′aˆφ
tan θ¯
]
J
= 0 (E.51)
Using eq. (B.21), we can rewrite it as[
4 tan2 θ¯Ψ′ − θ′
(
tan θ¯ Cˆ − aˆφ
M2 cos θ¯
− θ
′ζˆ
cos2 θ¯
)]
J
= 0 (E.52)
This equation, together with the second of (D.43), allows to determine ζˆ both outside and inside in terms
of C
(i)
Ψ and D
(i)
Ψ ,(
θ′ζˆ
)
out
= 2C
(i)
Ψ tan θ¯ +D
(i)
Ψ tan θ¯
10 (1− β)− (15 − 3β) sin θ¯ + (11 + β) sin3 θ¯
3 (1− β) (E.53)
(
θ′ζˆ
)
in
= −2 cos θ¯ C
(i)
Ψ
1 + sin θ¯
+D
(i)
Ψ cos θ¯
{
(1− β) sin θ¯ − 9 (1− β)− (11 + β) sin2 θ¯ (1 + sin θ¯)
3 (1− β) (1 + sin θ¯)
}
(E.54)
F Boundary conditions at the string
In this appendix, we compute the second Israel conditions,[
KˆAB
]
J
= −SAB
M4
(F.55)
where SAB is the stress energy momentum of the brane, while KˆMN = KMN − γMN K , KAB denotes the
extrinsic curvature (and K is its trace). For generality (and as a cross-check), we do not restrict to Gaussian
normal coordinates in this computation, and we show that these equations can be written in terms of gauge
invariant quantities only. However, in the rest of the paper we then set ζ = Φ = 0 at the brane, when we
deal with the equations derived here (as a consequence, we have then ζˆ = −E′, Φˆ = E′′ at the brane).
SAB is readily computed from (2); we also add the energy momentum tensor TAB of matter localized
on the brane. We assume that matter can be treated perturbatively together with the other perturbations
of the system (this is the standard assumption in brane-world models). In this way, the only non vanishing
components of the energy–momentum tensor of the string are
Sµν = −
[
λs +
v2
2
(∂φσ − eAφ)
(
∂φσ − eAφ
)]
γµν + Tµν (F.56)
Sφφ = −
[
λs −
v2
2
(∂φσ − eAφ)
(
∂φσ − eAφ
)]
γφφ + Tφφ (F.57)
where ∂φσ − eAφ = −e
(
M2 sin θ¯ + aφ
)
at the string.
The intrinsic metric of the string is γAB = gAB − nAnB , where all these quantities (without restricting
to Gaussian normal coordinates) are computed at the string location θ¯ + ζ The normal of the string is, in
components
nl = −1− Φ , nφ = 0 , nµ = ∂µζ (F.58)
(we note that we have chosen it to point towards the outside bulk). The extrinsic curvature, KAB ≡
γCA∇CnB , at the two sides of the brane has the components
Kµν = ζ,µν − ηµνΨ′ −E′,µν −
1
2
h′µν (F.59)
Kφφ = θ
′ sin θ¯ cos θ¯ (1 + 2C − Φ)− cos2 θ¯ C ′ − θ′2 (sin2θ¯ − cos2θ¯) ζ (F.60)
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Evaluating (F.55) we find, for the background, the two relations (27) and (28) given in the main text.
These background relations can be also used to write also SAB (apart from the matter component) as a
jump. More precisely, inside SAB we have terms of the form λs×f , where f is a function of the perturbations
which is continuous at the two sides of the brane. We rewrite this term as
λsf = −M
4
2
tan θ¯
[
θ′
]
J
f = −
[
M4
2
tan θ¯ θ′f
]
J
. (F.61)
This significantly simplifies the perturbed part of the (F.55). We obtain[
ηµν
(
∂2ζˆ − 3Ψ′ − Cˆ ′ + θ′ tan θ¯
(
Cˆ − Φˆ
)
− θ
′aˆφ
M2 cos θ¯
)
− ζˆ,µν + 1
2
h′µν
]
J
=
Tµν
M4
(F.62)
[
∂2ζˆ − 4Ψ′ − tan θ¯ θ′ Cˆ + θ
′aˆφ
M2 cos θ¯
+
θ′2ζˆ
cos2 θ¯
]
J
=
T φφ
M4
(F.63)
a|brane = 0 (F.64)
which correspond, respectively, to the (µν), (φφ), and (µφ) components of (F.55). Eq. (F.62) simplifies
once combined with (B.24), leading to[
ηµν∂
2ζˆ − ζˆ,µν +
1
2
h′µν
]
J
=
Tµν
M4
(F.65)
Tracing this equation gives the relation (47) given in the main text. Then, combining (F.65) and (47) we
obtain the junction condition (45). Also Eq. (F.63) simplifies once combined with (E.52), leading to the
junction condition (46).
G Putting together bulk and brane
The aim of this appendix is to combine the relevant bulk and brane equations, and to provide a full
solution for the zero modes in presence of matter on the string. The computations in this and of the next
appendix follows the analogous ones of [17], although we prefer to clarify several intermediate steps. The
bulk eq. (B.17) for the tensor mode can be combined with the boundary condition (45) to give
Ohµν ≡
[
∂l (cos θ ∂l) + cos θ ∂
2
]
hµν = −2δ
(
l −Rθ¯) cos θ¯
M4
Σµν (G.66)
where, analogously to [17], we have defined
Σµν ≡ Tµν −
T
3
ηµν +M
4
[
ζˆ,µν
]
J
(G.67)
To solve eq (G.66), we construct the (retarded) Green function of the operator O , satisfying
OG (x, l;x′, l′) = δ(4) (x− x′) δ (l − l′) (G.68)
One can verify that it is given by
G
(
x, l;x′, l′
)
= −
∫
d4k
(2π)4
e
ikµ
(
xµ−x
′µ
)∑
n
ψn (l)ψn (l
′)
p2n + k
2 − (ω + iǫ)2 (G.69)
provided the functions ψn (l) are a complete set of eigenfunctions of
∂l (cos θ ∂l)ψn = − cos θ p2n ψn (G.70)
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normalized as 6 ∫
dl cos θ ψm (l)ψn (l) = δmn (G.71)
Clearly, the solutions of (G.70) are the bulk wave functions of the tensor modes, where p2n is the mass of the
mode.
The zero mode truncation amounts in including only the zero mode ψ0 in the sum (G.69). We already
know that ψ0 is a constant, cf. eq. (D.39). The normalization condition (G.71) is
1 = ψ20
∫
dl cos θ =
ψ20
2πRβ
∫
1/2−sphere
dldφ
√
g
(0)
ll g
(0)
φφ =
ψ20
2πRβ
V2 (G.72)
where V2 is the (background) volume of the bulk, given by
V2 = 2πR
2 β
[
sin θ¯ + β
(
1− sin θ¯)] (G.73)
Therefore we obtain the zero mode truncated Green function
G0 = −
∫
d4k
(2π)4
e
ikµ
(
xµ−x
′µ
)
ψ20
k2 − (ω + iǫ)2 =
2πRβ
V2
(
∂2
)−1
δ(4)
(
x− x′) (G.74)
The zero–mode truncated solution to (G.66) is then
h(0)µν (x, l) =
∫
d4x′dθ′G0
(
x, l;x′, l′
) [−2δ(l′ −Rθ¯) cos θ¯
M4
Σµν
(
x′
)]
= − 4πRβ
M4 V2
cos θ¯
(
∂2
)−1
Σµν (x) (G.75)
By decomposing Σµν , one finds the result (51) given in the main text.
H Perturbation of the volume of the internal space and of the length of
the string
We compute the volume of the internal space (more precisely, of the half space with m > 0) up to first order
in the perturbations. As in the rest of the paper, we use Gaussian normal coordinates at the brane.
V2 +∆V =
∫
dldφ
√−g = V2 +
∫
dldφ cos θ (Φ + C) (H.76)
where the background volume V2 was also computed in (G.73). Making use of eqs. (35) and (B.27), we have
∆V = 2πβR
[
−2
∫
dl cos θΨ+
∫
dl
d
dl
(
cos θ ζˆ
)]
(H.77)
The first integral can be computed separately on the outside and inside bulk. The second term is instead a
total derivative which can be rewritten as a boundary term at the string,∫
dl
d
dl
(
cos θ ζˆ
)
= cos θ¯
[
ζˆ
]
J
(H.78)
The sum of these terms gives
∆V = 2πR2β D
(i)
Ψ
1− sin θ¯
3
[
6β + (10 − 4β) sin θ¯ − (11 + β) sin2 θ¯ (1 + sin θ¯)] (H.79)
6The integral is performed for l > 0 . We could equivalently work with the entire bulk, under the assumption of Z2 symmetry.
We would then have to add an equal amount of matter on the string in the other hemisphere.
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This explicitly shows that the perturbation of the volume depends only on the D
(i)
Ψ mode.
A similar conclusion is reached also for the perturbation of the circumference of the string,
L =
∫
dφ
√
gφφ = 2πRβ cos θ¯ (1 + C) =
= 2πRβ cos θ¯
{
1 +D
(i)
Ψ
1
3 (1− β)
[
10 (1− β)− 9 (1− β) sin θ¯ + (11 + β) sin3 θ¯]} . (H.80)
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